A simple yet accurate model is developed for the dynamical simulation of profile-modified gears, considering the effects of progressive tooth engagement, stiffness, elastohydrodynamic lubricant film formation and hysteresis. The real path of contact, stiffness and elastohydrodynamic lubricant film thickness are calculated for various operating conditions and the results are input to the dynamical simulation, resulting in a prediction of the dynamic transmission error.
Introduction
Perfectly nominal tooth forms are not ideal for gear operation, as the dynamic deformation of the loaded gear teeth leads to impact in the beginning of tooth engagement [1] . This is particularly undesirable, as it can lead to significant vibration and noise, especially when the transmitted loads (and corresponding tooth deflections) are high. The most common remedy is to calculate the deflection of a pair of teeth at the beginning of their mesh cycle for the nominal operating load and then to modify their profiles by a corresponding amount, so as to induce progressive tooth engagement. Almost all of the research conducted on gear dynamic behavior is limited to unmodified conjugate gears [2] [3] [4] [5] [6] [7] [8] , thereby leaving these questions regarding the dynamic behavior of gears with profile modifications unanswered. It used to be that profile modifications were mostly considered at the level of static and/ or kinematic calculations [9] [10] ; however this trend is changing [11] [12] .
To model the effect of progressive tooth engagement in gears with profile modifications, tooth geometry and engagement progression are examined using an advanced non-conjugate tooth contact theory, which introduces a gear-specific form for the parametrical equations of tooth profile tangency to achieve the explicit solution of these equations.
After ascertaining the kinematical characteristics of the modified gears, dynamic simulation of these gears has been conducted over a wide range of speeds using a combined geometric-kinematic-dynamic model based on known analytical and numerical models for calculating gear geometry, contact and kinematics [13] [14] [15] [16] [17] [18] and mechanical response of the elastic tooth mesh, also in consideration of modified tooth geometries and elastohydrodynamic lubrication-induced tooth surface deformations [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . This translates into the following relationship: O (also corresponding to the position vectors marked in boldface), the incorporation of the slip angle yields from Eqs. (5), (6) the following equations:
Kinematical Modelling
( ) (8) where ( ) O O − = r r 
By introducing Eqs. (7) and (8) into Eqs. (9) and (10), the general equations of meshing are obtained in the following form: (12) where ( )
To solve these equations of meshing, we must determine the function ( ) (14) and finally because of Eqs. (11) and (13) U θ r r θ ʹ ʹ × ⋅ = = R f R R f z (16) where z is the normal unitary vector to the common profile plane. From Eqs. (13), (15) and (16) 
Dynamical Modelling
For the dynamical model we consider the effects of stiffness, tooth friction and hysteresis, which are implemented in the form of stiffness and friction force coefficients K and Fr, which are computed using FEA and elastohydrodynamic lubrication theory.
The model considers a single torsional degree of freedom and is as follows:
( )
where J is the moment of inertia, ω is the angular velocity, A is the instantaneous mesh contact point, O is the gear centre of rotation, F n is the mesh normal force, F s is the mesh friction force and T is the external torque acting on the gear shaft. By introducing the stiffness and friction force coefficients the dynamic equations become:
Results And Discussion
The preceding analysis was used to model a 20° involute standard spur gear pair with transmission ratio 21/50 rotating at 100rpm/ 400Nm (case a), 1000rpm/ 40Nm (case b) and 5000rpm/ 8N/m (case c), thus keeping the power constant. The tip of gear 2 was relieved starting 1.0 mm below the tip to achieve a tip thickness reduction 02004-p.3 ICAME 2015 of 0.1 mm (see Fig. 1 ). The calculated path of contact is shown in Fig. 2 . The stiffness coefficient variation during a mesh cycle resulting from progressive tooth engagement due to the applied profile modifications is plotted in Fig. 2 , top left. The sloped transitional regions as compared to the abrupt changes of the unmodified profiles testify to the effect of profile modifications on the progressive tooth engagement. This gear configuration was simulated dynamically for the three different scenarios a-c, where the mean elastohydrodynamic lubricant film thickness was calculated using the theory by Dowson and Higginson [30] and shown in Fig. 2 , bottom left. The calculated dynamic response curves are shown in Fig. 2 , right. The curve corresponding to case c confirms the significance of the formation of an elastohydrodynamic lubricant film on gear transmission error; the driven gear actually begins to lead at high speeds as a result of the increased lubricant film thickness, which is translated into negative transmission error values.
Conclusion
The proposed model allowed the dynamical simulation of profile-modified gears, considering the effects of progressive tooth engagement, stiffness, elastohydrodynamic lubricant film formation and hysteresis. The model's predictions for the real path of contact, stiffness and elastohydrodynamic lubricant film thickness under for various operating conditions showed expected behaviours and the computed dynamic transmission error, especially in terms of its sensitivity to the operating speed, even leading to negative transmission error values, is highly plausible. 
